A natural topology for fuzzy numbers is proposed by representing a fuzzy number as a pair of distribution functions. The relationship between fuzzy numbers and the Hutton unit interval is also investigated.  2001 Elsevier Science
INTRODUCTION AND PRELIMINARIES
A fuzzy number is a function µ R → 0 1 with the following conditions:
(1) µ is upper semicontinuous; (2) µ is convex in the sense that µ t ≥ min µ s µ r , where s ≤ t ≤ r; (3) µ is normal, which means µ x = 1 for some x ∈ R.
The set of all the fuzzy numbers is denoted . By (1) and (2) it is easy to see that the α-level set µ α = x ∈ R µ x ≥ α of each fuzzy number µ is a closed interval a α b α for each α ∈ 0 1 , where a α = −∞, b α = ∞ are admissible. When a α = −∞, for instance, a α b α means −∞ b α . According to Lemma 2.2 in Kaleva and Seikkala [6] , we know that each fuzzy number is uniquely determined by its α-level sets. Thus Kaleva and Seikkala [6] introduced a convergence for in terms of level sets in the following way: a sequence µ n of fuzzy numbers converges to a fuzzy number µ if lim n→∞ a α n = a α and lim n→∞ b α n = b α for all α ∈ 0 1 , where a α n b α n is the α-level set of µ n and a α b α is that of µ. But, unfortunately, we do not know whether this convergence is topological, i.e., whether it is the convergence for some topology on . More importantly, the following example shows that this convergence does not behave properly.
Let
x∈ −1 0 ∪ 0 1 ; 0 otherwise, and let
It is easy to check that µ n converges to the fuzzy number
with respect to this convergence, but λ n does not. This is not in accordance with our intuition that both µ n and λ n should converge to µ. On the other hand, in 1983 Goetschel and Voxman [2] proposed a topology for the set of fuzzy numbers with compact support (i.e., those fuzzy numbers which vanish outside a compact set of R) by means of Hausdorff distance.
Precisely, let be the subset of consisting of fuzzy numbers with compact support. Suppose that µ ν ∈ and that both of µ and ν vanish outside the finite interval a b . Let
Then both µ * and ν * are closed bounded subsets of R × R. Define D µ ν = H µ * ν * , where H µ * ν * is the Hausdorff distance between µ * and ν * . It is easy to see that D µ ν is independent of the choice of a b . It is demonstrated in [2] that D is a metric for . However, there is no straightforward extension of this metric to the set of all fuzzy numbers.
Since fuzzy numbers play an important role in fuzzy mathematics, it is a natural question whether there exists some well-behaved topology (or fuzzy topology) on the set of fuzzy numbers. In this note it is showed that the weak convergence for fuzzy numbers, defined below, induces a metrizable topology for fuzzy numbers. The relationship between the space of fuzzy numbers and the Hutton unit interval [3, 4] is also investigated.
In this note, we slightly generalize the concept of fuzzy numbers to that of generalized fuzzy numbers. A generalized fuzzy number is a function µ −∞ ∞ → 0 1 satisfying the three conditions for fuzzy numbers. Clearly a generalized fuzzy number µ is a fuzzy number if and only if µ x = 1 for some x ∈ −∞ ∞ . The set of generalized fuzzy numbers is denoted by . −∞ ∞ can be considered as a subset of in an obvious way: for each x ∈ −∞ ∞ ,x ∈ is defined bȳ
The following proposition, from folklore, is simple but useful. 
(6) If λ and µ are both increasing functions
Similar results hold for decreasing functions.
THE REPRESENTATION OF FUZZY NUMBERS AS A PAIR OF DISTRIBUTION FUNCTIONS
A distribution function, briefly, a d.f., is a function λ −∞ ∞ → 0 1 which is increasing and left continuous on −∞ ∞ and for which λ −∞ = 0, λ ∞ = 1. The set of d.f.'s is denoted by .
Suppose µ is a generalized fuzzy number. There exist some a b ∈ −∞ ∞ such that (1) µ x = 1 for all x ∈ a b , (2) µ is increasing and right continuous on −∞ a , and (3) µ is decreasing and left continuous on b ∞ .
Define µ and µ r as follows:
and
Then both µ and
Then µ is a generalized fuzy number such that µ = λ 1 , µ r = λ 2 . Therefore we get the following representation theorem for generalized fuzzy numbers. Theorem 1.1. The correspondence µ → µ µ r is a bijection from to some subset of × . Precisely,
There is a natural way to make the set of d.f.'s a subset of the set of generalized fuzzy numbers. For each λ ∈ let λ * = λ 0 , where0 ∈ is the function which takes value 0 on −∞ ∞ and takes value 1 at ∞.
WEAK CONVERGENCE OF FUZZY NUMBERS
Suppose λ is a distribution function. Since λ is increasing, λ has at most a countable set of discontinuities. Since every generalized fuzzy number µ can be represented as a pair of d.f.'s, it has at most a countable set of discontinuities.
It is easy to see that both of the sequences µ n and λ n of fuzzy numbers defined in Section 0 weakly converge to µ as defined there.
Suppose the sequence µ n of generalized fuzzy numbers converges weakly to µ. Then µ n x converges to µ x at each continuous point x of µ. One may wonder whether the converse is true. The following example shows that the answer is negative.
Example. Suppose x n is a strictly increasing sequence of real numbers and x is an arbitrary element in −∞ ∞ . Then the sequence x n weakly converges tox if and only if x n converges to x. But, for all t = x, we always have that x n t converges tox t .
Recall that both −∞ ∞ and can be regarded as subsets of ; the following proposition shows that they are both closed subsets.
Proposition 2.2. The restriction of the weak convergence on −∞ ∞ coincides with the convergence for the usual topology on it; and the restriction of the weak convergence on is just the weak convergence on as d. f.'s
Similar to the Helly weak compactness theorem (see Loéve [8, (11. 2)]), we have
Theorem 2.3. Every sequence of generalized fuzzy numbers contains a weakly convergent subsequence.
It is known that the weak convergence for d.f.'s is the convergence for the topology on generated by the modified Lévy metric [9] . By the fact that the set is a subset of the product set of with itself and the above proposition we obtain that the weak convergence for generalized fuzzy numbers coincides with the convergence for some metric topology on it. For the convenience of the reader, we include here an explicit description of this metric.
Definition 2.4. [9] Let
The modified Lévy distance is the function d L defined on × by d L µ ν = inf h both µ ν h and ν µ h hold It is proved in [9] that if d L µ ν = h > 0, then both µ ν h and ν µ h hold, and that the function d L is a metric for . This metric is called the modified Lévy metric.
The following theorem states that the weak convergence for d.f.'s coincides with the convergence generated by the modified Lévy metric. In the following we show that the weak convergence topology on is essentially determined by the pointwise ordering on it.
At first, we discuss how the set of generalized fuzzy numbers is related to the Hutton unit interval I L [3] for the case L = I = 0 1 .
In this note, we adopt the increasing variant of the Hutton unit interval I I introduced in [5, 12] . Since every equivalence class in the definition of I I in [5, 7.1] has a unique representative map 0 1 → I which is left continuous and takes value 0 at x = 0, we can define I I as follows:
I I = λ 0 1 → 0 1 λ is increasing left continuous and λ 0 = 0 Clearly I I becomes a complete lattice under the pointwise ordering; indeed it becomes a completely distributive lattice [10, 12] . The sups in I I are taken pointwise; and for every collection λ t t∈T in I I , their inf is given by Since there is an increasing homeomorphism from [0, 1] to −∞ ∞ , the Hutton unit interval I I can be redefined as the collection of suppreserving functions λ −∞ ∞ → 0 1 . Thus, we also denote I I as −∞ ∞ I .
Suppose λ ∈ . Let
Then λ * is an element in −∞ ∞ I . Moreover, it is easy to check that this correspondence is an order isomorphism from to −∞ ∞ I . Hence is a completely distributive lattice with respect to the pointwise ordering. Thus, is essentially a subset of a product of −∞ ∞ I with itself:
It is routine to check that is a complete sublattice of −∞ ∞ I × −∞ ∞ I (or, equivalently, a complete sublattice of × ); this means that is closed with respect to the formation of sups and infs in −∞ ∞ I × −∞ ∞ I (or, in × ), and hence is a completely distributive lattice with respect to the pointwise ordering. Proof. Since the weak convergence topology on is compact Hausdorff and the interval topology on is also compact Hausdorff ( being completely distributive) [1] , it is sufficient to show that the interval topology is coarser than the weak convergence topology.
(1) We show that for each λ ∈ , ↓ λ is closed for the weak convergence. Suppose µ n is a sequence in ↓ λ and weakly converges to µ. Let E denote the set of points at which µ is continuous. Then E is dense in −∞ ∞ and µ n x → µ x for all x ∈ E. Thus for each x ∈ E, µ x ≤ λ x . And our conclusion follows from the fact that µ x = y<x y∈E µ y and λ x = y<x y∈E λ y (2) We show that for each λ ∈ , ↑ λ is closed with respect to the weak convergence topology. Suppose µ n is a sequence in ↑ λ and weakly converges to µ. Let E denote the set of points at which µ is continuous. Then E is dense in −∞ ∞ and µ n x → µ x for all x ∈ E. Thus for each x ∈ E, µ x ≥ λ x . In order to show that µ ≥ λ, it is sufficient to show that µ + ≥ λ + . This is trivial since E is dense in −∞ ∞ and λ is continuous at each x ∈ E.
Hence the interval topology is coarser than the weak convergence topology, and we are done.
Corollary 2.8.
with the modified Lévy metric topology is a compact absolute retract.
Proof. This follows from [11, Theorem 4.2] and the fact that clearly has no completely compact element (see [11] for a definition); see [ Proof. Since is a complete sublattice of × and is completely distributive, the interval topology on is the subspace topology of the interval topology on × , which is the product topology of the interval topology on with itself. Thus, the interval topology on coincides with the weak convergence topology and thus with the topology generated by the metric d.
The second assertion follows from the fact that is a completely distributive lattice with no completely compact elements. Proof. At first d is complete since it is compact. What remains is to prove that d is dense in d . Suppose µ ∈ . We show that there is a sequence in which weakly converges to µ. The proof is divided into two cases. Case 1. There is some x 0 ∈ −∞ ∞ such that µ x 0 = 1. Define µ n x = µ x x∈ x 0 − n x 0 + n ; 0 otherwise.
Then µ n is a sequence in such that µ n w → µ.
Case 2. µ x < 1 for all x ∈ −∞ ∞ . Define µ n x = µ x x∈ −n n ; 1 x∈ n n + 1 ; 0 otherwise.
Therefore, is dense in .
